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ABSTRACT 


The basic tensors of a Riemannian geometry are found in terms 
of tensor components by considering the geometry as a field over 
another arbitrary Riemannian geometry. The approach exhibits sym- 
metries not previously noted. In particular the Riemann tensor of 
a geometry is found to decompose ginto a sur of tensors, each with 
the full symmetry of a Riemann tensor, and each dependent upon only 
one order of derivative of the metric tensor. Further work to explore 


the potential value of the approach to general relativity is proposed. 
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I. Introduction. 


The general theory of relativity of Einstein is considered as 
cine most elegant physical theory developed to date. Its basic assump- 
tions are merely that space-time has the geometry of a four-dimensional, 
normal hyperbolic Riemannian metric space, whose first fundamental form 
may be denoted by 

ce Cenx ay end (0 a) oS) (1-1) 
and whose metric tensor Dy is determined by the mass-energy contained 
in space-time by Einstein's field equation 

Tee F Sy Ss My (1-2) 
Here aa is the Ricci tensor of Sei R is the contracted Ricci tensor; 
LN is an "energy-momentum" tensor, specified according to the type of 
matter under consideration; and « is a proportionality constant. 

However, extreme difficulties arise.when one tries to draw signi- 
ficant physical conclusions from the basic assumptions of the theory. 
These difficulties arise primarily due to the extreme non-linearity of 
the field equation. But important problems arise also due to the lack 
of an a priori space-time topology, due to the presence of complicated 
geometric objects such as the Christoffel symbols, and due to the dif- 
ficulty (in fact, impossibility in general) of integrating tensors over 
a finite region. These difficulties have slowed progress in exploring 
all the richness inherent in Einstein's field equation. 

For the purpose of adding to the tools with which the field equa- 
tions may be explored, a new mathematical approach to the problem is pro- 
posed, and the ensuing equations and preliminary results are developed in 


this paper. The approach might best be described as considering one 


geometry as a field over another geometry, with the basic field variable 


being the difference between the metric tensors of the two geometries. 

It is not suggested that there exists some "base" geometry (which would 
be in conflict with the basic concepts of Einstein's general relativity) 
but rather that the approach leads to relations between geometries which 
are of benefit in obtaining new solutions to the field equations, as well 
as of value in investigations of the stability of known solutions. 
Indeed, it would appear to add greatly to the understanding of the physi- 
cal meaning of the equations. 

This approach has been described as new. Certainly the metric 
tensor has been considered as a field over a flat (Minkowski) space 
before, and certainly the difference between two metric tensors has been 
considered as an infinitesimal in perturbation techniques before; but to 
the writer's knowledge, neither the generalization of these’ two techniques, 
used jointly over an arbitrary geometry and without restriction to infini- 
tesimals, nor the results obtained by so doing have been previously 


reported. 


II. Notation and Conventions. 


Sign of definition: = 
Sign of a particular coordinate system: = 


Einstein summation convention: a ib is ab’, etc. for 


u=0 « repeated indices. 
Signature of the metric tensor: (+---); g = det (9): 
: ; £ 
Choice of Riemann tensor: fixed by V qeltcelea 5 VR i 
Choice of Ricci tensor: eerie . trace: R=R_. 
uv UTV T 
Square brackets for anti-symmetrization, e.g.: 
] 
V => - 
[uv] Oy ~ My) 


V = 4 : | 
[uloolv] = 2 Yucov ~ “apy?> ete 


Round brackets for symmetrization, e.g.: 


] 
V a2 + 
(uve) giv ou * ‘ou 
+ V + V + ee eee 
uov = VO OVU 
Ordinary differentiation: V = 9YV 
UsV Vu 


Difference between covariant and contravariant forms of two metric 
censors h = en: 

uv why) Vv 

, eV gt’ _ ates 


Wi 


Difference between affinities (Christoffel symbols of the second kind) 


of two metric tensors: : 
b P =i ee 
uv inva 


V V with respect to g 
vu uv 


HI 


Covariant differentiation: i 


= VV with respect to g 
vu uv 


Repeated differentiation: V_. =e, 
U3 Vp H3sV5P 


A tensor defined with respect to Dy is denoted by a bar over the 


kerhalsoe.g.% Ras . 


Difference between tensors defined in some way by two different metric 


tensors: | 
SINS irae = (ER). 06 i Seyes 7 iwc 
oT ee - (5A). 256 ‘ WWwyaae . J sea fale Sue. 


Kronecker delta: 


ls = = gt? = ] = 
oe = oO moRy Cie oh V 


0 otherwise 


= 1 [which implies 


i 
—J 
A 


Units: c (speed of light) 


] 


y = Ene m= M(8r) for Newton's constant and the radius of 


gravitation respectively]. 


lexceptions to the kernal index system of Schouten [1], which 
is used otherwise. 


III. Mathematical Basis of the Proposed Technique. 


In order to provide a basis for the proposed technique, a few 
basic definitions“ of geometry are herewith presented. 

A set of n real or complex values of n ordered variables is 
called an arithmetic point and the totality of these points is called 


an arithmetic manifold Un 


Consider a set M, and let the elements of M be in one-to-one 
correspondence with the points of a region Re of U. This is called 
a coordinate system over the elements of M. The transformation of 
coordinates in M means passing to another one-to-one correspondence 
between these elements and the points of a region of U,: This is also 
true for a subset S of M, corresponding one-to-one to a subregion R of 
Ro: The geometry of S depends largely upon the set of allowed trans- 
formations , BA If we allow the set B to be all transformation of 
points of U, that are analytic (or of class u, i.e., up to and including 
the yth derivative is continuous) with is =R = R'(R' being the region of UL 
to which transformed), then these transformations form a group. But if 
we allow the set B of all transformation of points of UF that are ana- 
lytic (or of class U) each in a certain region, but without the condi- 
tion that these regions coincide, B is not a group. Such a set is 
called a pseudo-group. 

The set M, provided with the pseudo-group B and with all al- 


lowable coordinate systems, i.e., all systems that can be derived from 


“Taken mainly from Schouten [1], though greatly condensed. 
Trautman [2] contains perhaps a more modern exposition, which shows the 
relation of geometry to topology explicitly. Anderson [3] contains an 
easily readable though less detailed exposition. 


one specified system by transformation of BA? is called a general 
geometric manifold, Xn The elements of M are called geometric points, 
or points of Xn hag x, is further restricted by the introduction of the 
concept of parallel transport (covariant derivative) and the thereby 
introduced affine connection (affinity)> (Christoffel symbol of the 
second kind in Riemannian geometry) ee is defined as being a symmetric 
metric connection with respect to a certain real symmetric tensor Shee 
(with inverse a by means of the equation 


g Ne (2200 


+. a 
Sto ,0 toy PC ,T 


then the set M with all provisions is called a Riemannian geometry Vj). 
Mso, g.,, is called the metric tensor’, and when its signature contains 
one unit element differing in sign from the others, the space is called 
a normal hyperbolic Riemannian space. 

A geometric object field Y is a correspondence which associates 
with every point p of V ie in general), and every coordinate system 
{x*} around p, a set of N real numbers CY} oe 0+ Yy) » together with a rule 
which determines the new set (Yj +++ Yn) when a coordinate transformation 
is made to the coordinate system {X¥'}. This rule must be given in terms 
of the (Vp oe 2 Yn) and the values at p of the functions and their partial 
derivatives which relate the coordinate systems {X"} and {x¥'}. A 
geometric object y is the correspondence and the rule at one point of M. 
(Though this is a very general definition which includes almost every- 
thing of geometrical and physical significance, there are things which 


are not geometric objects, notably spinors and normal derivatives. ) 


3schouten [1] uses the term "linear connexion." 


eo known as the "fundamental" tensor. 


The N numbers (Yyoee + o¥y) are called the components of y at p with 
respect to the coordinate system {X"}. 

Of special importance to physical theories are the geometric 
objects tensors and tensor densities®, which are the only objects whose 
transformation rule is linear and homogeneous with respect to their 
components. Because of these properties, an equation written entirely 
in terms of these quantities is of the same form in all allowed coor- 
dinate systems (i.e., the one concept of covariance normally considered 
trivial). 

An affine space EO is an Ke in which B is the group of affine 
transformations, 1.e., the group of transformations of coordinates such 
that the "new" coordinates xX" are given in terms of the old coordinates 
x4 by the equation 

oe AM eke Det Gon 0, 
where the AY and a’' are constants. At every point p of an K there is 
a "tangent EA j.e., sufficiently near any point of any Xs the affine 
transformations may be used in place of the transformations of the B Of 
the Xx? without changing the geometry. An EL which is also a V, is 


called flat (its Riemann tensor is zero), and conversely. 


“By tensor density is included all] objects which transform like a 
tensor multiplied by a power of the Jacobian of the transformation, or by 
the absolute value of the Jacobian, or by the Jacobian divided by its 
absolute value (known as a pseudo-tensor in Physics). 
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IV. Geometry as a Field Over Another Geometry. 


Consider two Va characterized by their respective metric 
tensors Dy and Shing Let each have regions W and WH respectively 
which are also ve and which map (have a one-to-one correspondence) into 
the same region R, of U.. Further let the pseudo-groups B and B_ as- 
sociated with W and Ws have a noOn-empty union, i.e., there are elements 
of B and BF which are common. Then this union is also a pSeudo-group, 
D.° Now within the limits of the coordinate’ transformation’ of Ds the 
geometric objects of M, may be related to the points of ae in a one-to- 
one relationship, namely that a geometric object’ associated with a point 
D of W is associated with the point p of WH which is related to the 
same point m of Ro as p. Thus geometric object fields of M, become 
geometric object fields of Wa? limited to the coordinate transformations 
De? without change of component values. But many of the essential fea- 
tures of a Riemannian geometry (a notable exception being its global 
topology) are contained in the metric tensor field, and in the Riemann 
tensor field, Ricci tensor field, and other fields of the tensors formed 
from a and its derivatives. Therefore, the study of these fields, 
over any geometry possible, is essentially a study of the geometry(s) 
which the fields help define. It is in this sense that the expression 
“geometry as a field over another geometry" is used. 

The above is perhaps made clearer by the’ diagram in Figure 1. 

A simple two-dimensional example is that of°a sphere considered 
as a field over a Euclidian plane. Thus, the Euclidian plane maps iden- 
tically into U, under all coordinate transformations, whereas part of 
the sphere (but never all points) can be mapped one-to-one and’ continu- 


ously to some region (to include the totality) of Up. Because BY of the 


12 


plane includes all coordinate transformations, the union D, of B and 
B of the sphere is just Be Thus, the geometric object fields defined 
on that part of the sphere mapped into the plane may be considered as a 
field over the corresponding region of the plane. 

Because of the tangent EY at every point of any x? any Us may 
be considered as a field over a flat space at least infinitesimally (in 


the metric sense) from a given point of the Vy: 


i 


(a) Coordinate System Over an Entire V2 and a V, Such That a Single 
Coordinate System Will Not Cover It. 





Figure 1. 
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V. Geometric Objects and the Physical Significance of Geometry. 


The most important geometric objects in both Riemannian 


geometry and, therefore, general relativity, are the metric tensor 


oy: the affine connection We (3-1); the Ricci tensor, which in terms 
of r ? (and hence g_) is 
uv Uv 
aR: 2 ie y : - 
Rav Yulv.t] ‘uty! tx (5-1) 
the Riemann tensor, where the form R° in terms of g_ is 
HpV HV 
feo = oT Pe a, fe 
uov ©? ulv.o] Ep viu (5-2) 


and the Weyl (conformal curvature) tensor, which is the portion of 


Sse that is traceless with respect to oy 
TA [tA] | v] 
Cc” =R SOR St le (cael see - 
po po fs ala ae 5] es) 


The symmetries of these objects are: 


: eee ae - ; 
Sw > S(uv) * Tuy = Puy) * Ruy Riu) * an 
ae ; ‘eoiiees : Tea Siac aa (5-5) 
= = ° = ° T = = 
5 ee 7 Se ll aril eae ; ONE eed 0; oN TO 0. (5-6) 


There are many important identities. In particular are the 
Ricci identities, for example 
Ty = 4% oft 5 5-/ 
po3[uv] t(p o)uv ey) 
which are the conditions of integrability when covariant differentia- 


tion is used; the Bianchi identity 


ol = 5-8 
uLpv30] : a) 
and its contracted form 
Ou _ = E 
(g Ry 6 lee 0 (5-9) 


which is considered as a conservation equation in general relativity. 
Einstein's theory of general relativity takes (1-2) as the basic 
field equation, thus saying that the space-time manifold (a ) is deter- 


mined by the matter-energy contained within it. By this assumption, 
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gravitational forces are expressed as the geometric state. Reversing 
this statement, and changing to a field theoretical point of view, one 
could say that the geometric state, i1.e., the metric tensor, is the 
potential field of gravitation. Thus, by analogy, ee would be inter- 
preted as the force field of gravitation. In fact, ra appears in the 
equation of a geodesic, taken as the path of a free body when time like, 
as a force term, 1.ée., 


2. Ve dy? 
d*x sk y dx” dx" _ 9 (5-10) 





where 1 
dt = (e cy dx" dx”)“ (e insuring dt is real), and may be taken 


as a proper time. 

A further assumption of general relativity is the principle of 
covariance (strong form), i.e., that all coordinate systems are equiva- 
lent, or that the B of the Vv. of space-time should include all trans- 
formations (satisfying certain differentiability conditions). Another 
principle, originally considered as an assumption, but which has been 
Shown to follow from the other assumptions, is the principle of equiva- 
lence. This may be expressed by saying that locally, i.e., regions in 
which the variation in the gravitational field is unobservably small, 

a physical system linearly accelerated relative to an inertial frame 
[i.e., a frame (coordinate system) which is freely falling, and in which 
particles move rectilinearly according to special relativity (i.e., 
non-rotating frame)°} is identical to a system at rest in a gravita- 
tional field. However, if the gravitational field variation is not 


very small, there will be a difference. The measure of the variation is 


Ge oA. E. Pirani [4]. 
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the Riemann tensor, with the appropriate equation being the equation of 


geodesic deviation of geometry 





Bt Rag Wa? WP = 0 (5-11) 

Here D represents the absolute derivative along the geodesics 
of one test particle with tangent vector V’, and n' is the projection of 
the vector connecting two adjacent test particles onto the three space 
orthogonal to ve. The physical meaning perhaps is clearer in the dia- 
grams of Figure 2. 

A further requirement on the theory is that it reduce to 
Newtonian gravitational theory in the limit of very weak fields. The 
above equations do so. 

An important phenomenon possible in the theory is that of gravi- 
tational radiation. Since such an effect would be observable in free 
Space (i.e€., no non-gravitational energy, except the test particle), the 
Weyl tensor is the natural quantity to consider, for it equals the Rie- 
mann tensor in free space and is not determined by the field equation. 
By means of its dual space symmetries (roughly speaking, the symmetries 
of the pairs of anti-symmetric indices), which are most clearly presented 
by means of spinors , the Wey] tensor, and hence all free space solu- 
tions, has been classified in terms of its principle vectors. This 
classification is based on the symmetries of the Weyl tensor relative 
to a given metric tensor. 

With the above as motivation, the geometric objects mentioned 


will be obtained as fields on another geometry, and the resulting sym- 


metries explored. 





ei 


Free Particles in a Linearly 
Accelerating Physical System. 


( 5 At Rest 
~~ b. - ‘ Free Particles 
in Free Space 
(Inertial Frame). 


Cc. 
Free Particles in a Uniform 
iI l Gravitational Field. 
d. Free Particles in a System 


Freely Falling in a Uniform 
Gravitational Field. 





e. Free Particles in a System 
Freely Falling in a Non-Uni form 
Gravitational Field. 





a and c, and b and d are equivalent pairs in general relativity. 


e shows the effect of a non-uniform field, as given by (5-11). 


Figure 2. 
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VI. Derivation of Equations. 


Assume that two normal hyperbolic Riemannian geometries, charac- 
terized by Dy) and D.xy> may be expressed in the same coordinate system 
over some region of each. It is desired to find the differences between 
tensors pertaining to the respective geometries in terms of the dif- 


ferences 


LY = gv Lv Ges 


g ) = g eG ) 


h q = 
uv uv uv 
which are symmetric tensors, since ie and aN are symmetric. The 


relationship between k'Y and h,, may be taken to be that resulting from 


the identity 
HO u= = 
g Ioy g Joy 
to be 


h OV So OV ; 6-2 
ete) g Sup ( 
There are many identities relating ie to k’’, as there are many iden- 
tical ways of writing all of the equations below. A lengthly list is 
compiled as an appendix for reference. 
The difference between the two affine connections 

b ? ere eh (6-3) 

uv uv uv 
is known to be a tensor, as can be easily seen from the transformation 


rule of r ° ; 
uv 





; 0) U Vv oo) 
oe ax - = eee ee (6-4) 
ny yx? BY 9x4 a yx 4 ax” 
Furthermore, by the symmetry of Ly (s=4)- 
b ° =v we 6-5 
uv (uv) (6-5) 


Now consider any tensor defined on both spaces in the regions of 
interest. The covariant derivative of the tensor with respect to a given 


metric tensor is a tensor given by 


eo: ee jie nas af Ite jee att rant = ee Teo: ere ; (6-6) 
eae Ll ogee Tu) “pee Olle Cee 
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The difference between this tensor and the tensor defined by the covari- 


ant derivative with respect to another metric tensor is also a tensor, 


stom ~ ae a ‘adie = bo pies. sa 
Oerecar ye Dewees a eser al TW Oi ere 
a bt To ese (6-7) 
Oeil enece ° 


It is notable that in general oe, equals zero only if 


a is a scalar T, 1.€., Tsu 18 a gradient T,y. Also the other 


natural derivative (curl, or rot) of a covariant tensor, i.e., 


"To...o3u) ~ "fo...050] (6-8) 
does not depend upon eee Thus both gradients and curls are invari- 


ant under change of ‘the metric tensor if the base tensor is otherwise 
independent of the metric tensor. 
Similarly for a tensor density of weight W, whose rule of 


transformation is 





WO! 
pol eee 2x a) ae (6-9) 
ae aX!) 91 0 Gen eee 0p 


(where |3X/9X'| is the inverse Jacobian of the transformation), and 


whose covariant derivative is given by 


OO) UG i clbore  e pe alec (6-10) 
Oise cestlll Dette 91 Gils Moines Ol eras 
- -Wri &° 
5 6: aaa Oe 
Thus 
550° - 5 a SO 
PeeeSH  “Peee3H Pee e3H TH Pee PUT... 
-Whr s°°" (6-11) 
‘Tlie (Olccescnnas 


where, like (6-7) is a sum of tensors, this is a sum of tensor densi- 
ties, all of weight W. Note that it will be shown later that if g is 
proportional to g, then be is zero, and (6-11) is the same form as 


(6-7). 
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The invariant (upon change of Dy) natural derivatives of tensor 
densities are the divergences of contravariant totally anti-symmetric 
tensor densities, j.e., 

[op.. ud, . glop---ul (6-12) 
where the number of anti-symmetric indices is equal or less than the 
dimensionality of the space (for greater, such a density or tensor 
vanishes ). 


Using the fact 


A -_ ~- = 0 3 = 

Sivsp Suse (6-13) 
one quickly obtains 

Sivso = Suvse 7 Suvio 7 Suv3p > 7 ee ale 


From this follows an equation which clearly shows the symmetry of the 


notation as to which geometry is considered a field over which, 


h = Ne =- - +g , 6-15 
° HV 3p HV 3P HV 3P (Sys Sivsp oD) 


The term k'’;o shall always be changed to an expression in Mivsp 


in this paper by the relation 


KEY. 5 = = Uo -VB h 


g 5) (6-16) 


aB 30 
which follows directly from (6-2). 


Using (6-7), (6-14) is 
g 


: 8 
ee —s Ne C= 
"Suv sp Mvso t(u” v)p eels) 


ionship of b” i ms of h can be ob- 
The inverse relationship o ne in ter f ners 


tained by noting that 


— i ye er ee a chee ae 6-18 
ies) G(r vio * St(uP pv ~ It(v? p)n * Sty? vp (\ 
Thus 
] - ,T 
a= = b 
Mi(vsp) 2 M osu Jeu” vp 
or 
x _ | xu = 6-19 
Po 2 Ce : Miosy Aes u? ( ) 


This is quite similar in form to (3-1), though deriving it directly is 


quite tedious. 
= ° e ° e 
Bwhen g is used, it is always understood it could be broken 


int a ahd 
° Suv "wy 21 


The result (6-19) could also have been obtained by noting the 


easily verified 


Sy oe zi 
"ulvse] * 8clv? plu ae 
1 
and then adding the symmetric part, 5 Daca a to obtain g awl its 
The second derivatives follow, as 
*Suvspo = Suvs56 7 Suvso0 = ~ Puvsp0 = 'Suv30? 50 aa 
and differentiating (6-17) directly 
=-2 b" \ s=02 Gea 
Me(ulsol? v)p STi WOR 
x Ts = x T = L 
= - c b + 
ie Ix (2° oPup * % Ix(¢rP v)cPue * * Ie(yb v)p30? 
Just as (6-21) is not a simple relationship between hi ne and 
bso? SO is the inverse relation complex. It follows from pee that 
‘ = si - x T - ,T 
(Geo) 50 Neusoeve * re. = © 9x (7b wove * Gru vp 30 
-lih th -ho). (6-22) 


2° UV3P0 Up 3 Vo VE 3 LO 
Having obtained the first two covariant derivations of Ti ie 


is an easy matter to obtain BR 30 by the following argument. From the 


Ricci identity (5-7), 


Nyslecd! ~ °'Suvsfoay’ = > “Sheela momen 
= =f = 96 ae ic » 
htuls v) po 92(uR v)pa? dau v)po ° aes) 
By (6-21) after some manipulation, 
= x Te - a 
= b + = 
Mivileod © Sete o)eneteds 9° Jenene rel (ea 
which implies 
16 = x a 45 
R56 =2b Wada Tek eee: (6-25) 


This equation can be directly verified by brute force from the 
ets ss 15 
defining equation of ae (5-2). 
Note that because of the Ricci identity (6-23) also gives 


T =. q T - 
Me(u® v)po * = Sc(uSR v)po ° co 
Now 
= = =a a ae = AG 
AVEO EN VEO (9. i Daves : DNS oe 


22 


so that 
4 & = 


BR v0 a yee + 9. BR jag? which because of (6-26) is 
BR) 00 " Der alas * 318% yoo (6-27) 
ls ese must have the same symmetry as Me (except for its contrac- 
tions with gh”); in particular aS ve = oe Therefore 
RS se ThE Ry Joq i aa 7 FPR Joo (6-28) 
a FoR ony) 
: ahr Ry I59 i hoe olay +e 3.1 )° \yLos0] 
vie Tp” liven] % [n° yIEo? pk 
+2 Gree otvP ays) 
and also 
apne wale - Pe Ts . (9.5588 Joo FoR o}ay) - (6-29) 


By the use of the symmetry RT oo] = 0, (6-29) can be written in terms 


of Le as can be readily though tediously verified: 


» PO 


ae at = 
oe uloo © "Toe o]Av | Movs [on] : Measlvo] * Mos D0] 


+ Dea ios (6-30) 
Using (6-22), an important identity can be obtained from 
(6-28). Thus 
at T T a 
oI yee . ahr 4k v Joo uy aio o]}av? (6-31) 
] 
+ Mi Dasvlo] — ~ "Lo|Lvsal}o]? 


(2° a) Eo? oly mus 9.20) f° op 
AMI Losol lal - Ary Lose] lal? 


- x a < x af 
oo een - OC. oe wile 


+ 


i St” vito? ple " Jeo? itv? aq 
| 
~ BMPR a6 ¥ ho® ejay) 
* Nol Dasv] lo] * AE Cosod[al * 2 9xt? ofa?v]o 


a3 


| 
- Zu Sop) : Movs (Ao) Moas(ov) - Ns s(o4)- 


= 48 x ] TE ae 
te hale PEN lo’ oth. yR v Joo b Nitoe Bae ; 
In this form it is apparent that the anti-symmetric portion of the 


second covariant derivative(i.e., ) does not appear, and that 


h 

uv3 Leo] 
; ae : ~ T x 

the only non-linear term in sy and its derivatives is 2 9... [ay lo? 


a function of bi and its first derivatives only. 
It is relatively simple to obtain SR’ _ in terms of h__ now. 
VEO hy 


Note first that by the Ricci identity and (6-30), 


an I 
Mon 7 "v3L00] " 2 Noy [oA " MorsLvol " Mo sLh0] 
ali is ig 
Ms Dye foil” ahr yR v]po i Neier By! (6-32) 
Thus, also using (6-2), and (6-31), 
T oe TA 
OR 90 - 9 Sey36 - 9 ee (6-33) 
ea TA 
~ 9 oR ps eek Seoac 
_ =taA c x 
~ 9 (OR) 56 Dred eae 
= 9 E-h + dh th 
Av3Lpo] = 2* pv; [Ao] ov;Lio] 
y Mas (vp) " Mo5Lvp] : Nas (vo) - MeAslvo] 
- T x 
: Mos (Ap) - Tes Delle +e GPG pry Io 
- =TK _ 
~ 3 LPs foal i MoLAsv]o MeLAsvo 


= T x 
+e gb fs Ie" 
In order to write 6R\ in terms of ie note from (6-29) and (6-26) that 


ag tT. 2) ge T a 1 7 
Norse 7 Se Sieg 7 el SN oe 9 ORoyyd (6-34) 


from which it is obvious that 


-A0 i om T _ . 
g UE se Dean! e (6-35) 
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. : . : O 
It is simple now to write 6R in terms of Os as well as ip 


explicitly using (6-25), (6-31), and (6-35): 


OR = 


6R = 


Cnet 
er nd (6-36) 
T x T 
te vlo;t] pee Olea 
=A dl O O 
g LBR 00 DAN Gas ‘i Dak oawe 4 
gh +h -h -h ) 
2°" pv3 (Ao) OA3(vp) pds (vo) ~~ -va3(Ap) 
1 - ie x 
- a eliced ; Moos fav)? © GD (>) Ip 
-9Ar] a , - fe x 
FERN gsy)p ~ Moas(ve) ~ Puss(ap)* 2 Sxeo [abv Jo! - 
curvature scalar follows immediately: 
“WV = uv Sais uv ; 
g R g aa k Ra +g BR (6-37) 
=UT x =v LT = <E 
TM Ry ea PtyseT Fe PL EVP ods 
-UT x -vo -AO : 
g Nex sy es ne (Ao) NOX (tv) i. a bes ine 
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The other forms of the Riemann tensor, which are of importance 
in connection with dual space symmetries are straightforward, though 
it should be noted that one must be careful with the meaning of the 


notation. For example, 


8Ry 00 ae BR \00 (6-38) 
but 
T TB fo} 
Of 00 7 Iq, 9 Ok Bvo ° 
and 
4 = -TB a 
ai (ee) ; Jy, g on Bvoe 
Now 
TA = Tana pee wy) : 
6R er ag! irons g | g Roc (6-39) 
2 SE AM aot eee bY 
q* 2g OBS ea” Kg pe 
$ KTH .AVv R 
VEO 


and by tedious manipulations 


- 9 a US ~ “fusvdo 
+2 oe OS rbuy o) 
- gy ght Metu® vJoo 
- 7 ah gi" gh "ey Maty® Joo 
The Weyl tensor follows immediately in the form 
sc = BR : 26" (ERI, : x OR sl.) (6-40) 
= OR - 25 SE (ORIAI NT - 5 5) vaR gM) , 


This completes the development of equations for use in this 
paper, and for use as a basic reference in using the technique presented. 
Obviously, other tensors of a particular geometry can be put into forms 


Similar to those above. 
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VII. Observations Upon the Equations. 


By the use of tensor notation for the derivatives of ar in the 
tensors of interest to general relativity, it is much easier to determine 
the symmetries involved, particularly those of the components of the 
equation. Hopefully, these symmetries will aid in determining the physi- 
cal meaning of these components. 

By examination of the equations obtained in the last section, 


b 


it is evident that the differences between geometric tensors Vee 


Rae. oP 


eo R, etc., are all functions of Sl bievl lp] + Jes doeoni le 


ve- 


- x. x ° > 
9-5, ry lo? and functions of Le and the geometric tensors of the 


base geometry. 


First consider the only portion of h which appears in 6R 


OA3VP Aveo? 
(6-31), 
Hvoo = Lol fasv}lo] * "Evi Lose] la] (7-1) 
= Mgxs(vp) * Povs(ac) 7 Poas(av) ~ Mvas(pa) 
This tensor obviously has the symmetries 
: (7-2) 


hvpo eo ice | : aes 
and it will be shown that indeed it has the full symmetry of a Riemannian 


tensor, 1.e., 


Pvoes = 0. (7-3) 


The proof is simply to note that the completely anti-symmetric portion 
of a tensor symmetric in two indices is zero, ij.e., 


“ie - HevaNe implies aay = 0. (7-4) 


But holding X constant, it is apparent all the tensors h of 


oA3(vp 
equation (7-1) are of this form in the indices whee thus proving (7-3). 


“a 


- x o eo Q ° ® LJ ® 
Now g__b EPaab is also a Riemannian tensor with indices in 
sien ID eavl) je 


order Avoo, for it is anti-symmetric in the Av and po pairs, symmetric 


; ; , ; T = ps , 
upon interchange of the pairs, and finally, since b 5h b iwi iia 


also has the symmetry of (7-3) because of (7-4). But therefore, since 


; : Q 1 © Ae ° 
OR ea is a Riemann tensor, so is horaR Sine + her oR aE (which can 


be proven directly, using Roped = 0). Thus is proven the result that 


Se is made up of the sum of three Riemann tensors, one being a 


combination of components of h 2 one being a non-linear function 


pr3(vo 
of a; and its first derivatives, and one being the appropriate com- 


; A . aL 
bination of components of h_,R wes 


Further, the function ED ae) ¢ can be broken into a sum 


of Riemann tensors. For, after a tedious manipulation of identities, 


Pty > j CU ht |x| Jose? Si?) 
EM r as tx Mors|ul 7 Pofas|xPors |v] (11) 
* Matas |x|Modeso 7 Potaslx|"vIrse?4 
Eo staMIeso 7 Poxstalvdeso? aoe 
+ ox Da" lor |v] 


* MtaslolMvlese/t 
where the function on each line is anti-symmetric in dv and po, the 
function in (  ) is symmetric in the pairs Av and oo, and the func- 


tions in [ J] have the full symmetry of a Riemann tensor R 6: AuCuses 


AVEO 
R = 0. The proofs are tedious and shall not be given. All, 

AL voo J 
however, are straightforward, and the simplest method to the writer's 
knowledge is, after establishing that they are of the form ei oaltcaal 
a oe which is almost obvious, to find combinations with symmetric 
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pairs so that (7-4) can be used to show the BE Saa = 0 symmetry is 
present. Note that though all of these Riemann tensors could be 
decomposed into a part contracted by a. and a part contracted by 
ee it would seem advisable to consider them in terms of 7 ae since 
it appears that the physical significance lies in the contraction with 
g 

Before proceeding with further examination of the equation, 
the significance of the decomposition of the Riemann tensor into a 
sum of Riemannian tensors should be pointed out. First it is signifi- 
cant because every tensor with the Riemann tensor symmetry is a Rie- 
mann tensor of a Riemann geometry. Thus we have shown that, in this 
sense, each geometry is a composite of several geometries. The full 
meaning of this is not clear. That is, it could result that some of 
these "component" geometries are subspace geometries, or at least 
geometries of spaces with less than the dimension of the "complete" 
geometry. But this is certainly not true by hypothesis for the space 
used as a base on the preceding work, and hence for its Riemann tensor. 
But in any case, it is clear that each of the "component" Riemannian 
tensors is a function of only one order of derivatives. Thus, the 
second derivative of SA determines one, the first derivative of Hi, 
determines several, while Jb “interacting' with the base geometry 
provides another, and finally the base geometry provides the last. 
It is apparent that the most significant tensors are those formed by 
the derivatives of Dae for any geometry can be projected at least at 
a point onto its tangent affine space, which can be considered as a 
flat Riemannian geometry. Thus, using an orthonormal coordinate system, 


the "component" tensors are merely expressions of the first and second 


ae, 


normal derivatives, 1.e., the usua! equation for the Riemannian tensor. 
But now, the usual equation’ has been.separated.into:parts which sepa- 
rately form Riemannian tensors, when the normal derivatives are con- 
Sidered as covariant derivatives .in a special coordinate system. 

The significance, physically and mathematically, of a Riemannian 
tensor has only recently been, at least partially, found. The physical 
Significance as shown by Pirani has already been partially sketched 
(Chapter V). The mathematical significance in classifying the vacuum 
space solution by the Wey! tensor, which has physical significance in 
particular in regard to gravitational radiation has also been men- 
tioned. Thus, by breaking down. the Riemannian tensor into component 
Riemannian tensors (and hence the Weyl tensor into component Wey] 
tensors), particularly where these components are functions of only 
one derivative of the metric tensor, one is much. closer to finding 
the physical and mathematical. meaning of the metric tensor, and thus, 
that of the theory and equations themselves. 

After that digression,.Jet us proceed: to-make.a preliminary 
examination of each of the tensors making.up the Riemann tensor, and 
hence the other geometric tensors. It should be noted that though 
these tensors have the symmetry of a Riemann tensor, and hence are 
Riemann tensors, it 1s not "their" Ricci tensor nor curvature scalar 
which appears in the Ricci tensor and.curvature scalar under considera- 
tion. Instead, it 1s the analogous contraction by Dy? rather than by 
the metric tensor which "belongs" to the Riemann tensor. It is these 
contractions that shall be obtained. 

As an aid in examining the tensors, a.few additional relations 


can be easily obtained. From the well known fact 


re | 
ty 2[log(-g)].v (7-6) 
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follows 
allie 
by = pLlog(a)]sv. (7-7) 
But g/g is a scalar for g is a scalar density of weight one. 
Thus (7-7) is the gradient of a scalar, and the ordinary derivative 
symbol may be replaced by the covariant derivative symbol. Thus, by 


the theorem that a natural derivative of a natural..derivative vanishes 


(i.e., curl of a gradient in this case), 


i et 
: TV56 ate t(v3a) ° (7-8) 
From (6-19) 
a = ll eie 
b TV ~ 2 Uae (7-9) 
50 
a Elke Lee pare 
: TV30 2 J tascve i‘ 2 k ol ay : (7-10) 
But by (6-16) 
TO Ee = 8C = Op 
‘ 30" tosy J Og Nagsa" tp sy (7-11) 
= ap 
7 Ueno eae 
ees. 5 kre h |. is symmetric ino and v. Thus 
SO TOV | Ly 
b t{v;o] 29 iar (vail =! (7-12) 
and the trace of iene with respect to g'° is known in terms of the 


second derivatives of the ratio of determinants of the metric tensors 
and first derivatives of Ue 

Thus the various tensors and. their contractions’ may be written 
as given in Table 1. 

In order to further explore the symmetries of these tensors 
(of Table 1) it is best to transform to spinor notation. This will 
not be done in this paper. I[t 1s worth noting that the reason that 
Spinor notation seems to be promising for further work is the fact 
that one has a collection of Riemann tensors, whose properties are 


particularly suited for investigation by spinors. 
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As a conclusion to this preliminary examination of the geo- 
metric tensors, a few special cases should.be pointed’out in order to 
indicate the potential value of the point of view presented. 

If the base geometry eli is taken to be that of flat space, 
then ee = re = R = 0, and all of the differences..given in Chapter 
VI are actually the complete tensors of interest. The advantages of 
the notation per se is merely of presenting the equations in terms of 
covariant differentiation, rather than of ordinary differentiation. 
The only true advantage lies in the symmetries which are made more 
evident by this notation. If in addition to using a flat base geo- 
metry, one considers infinitesimal Ni? then the equations reduce to 


See = eae (7-6) and (assuming one is not near a singular point 
where k?Y approaches infinity even for smal] hi) to’ the contractions 
of M5 by qe the flat metric tensor. For orthonormal coordinates, 
these are identical to the usual Jinear approximation equations. The 
advantage of the notation. in this respect .(other than clearly showing 
what terms are associated with what order of approximation) lies in 
linear approximation from other than flat space. 

Indeed, one need not speak only of approximation. For consider 
a gravitational radiation situation. At the surface of the wave, both 
) are continuous, and only dD iten (and 
is discontinuous. Thus 1f one considers the space on 


es and ae (and hence ee 


hence 
Juv 309) 


one "side" (either "side') of the wave front as the base space, and 
consider ng to be that change in the metric tensor caused by the 


discontinuous second derivative, then at the interface 


_ sHV _ HV - 
OES Sst - yes : EF see a (7-13) 


(See Table 1 for definition of M, ). 
veo 


SZ 


Thus one can investigate the allowable changes in the Riemann tensor 
due to gravitational radiation. In particular one can work in the 
free space case, where at the interface the change in Riemann tensor 
is equal to the change in Weyl tensor, and the natural spinor space 
of both metrics is the same. Using this technique might lead to a 
general free space solution of the field equation, which has not yet 
been obtained. 

Special cases may also turn out to be the best way of resolving 
more of the physical meaning of the components of the geometric tensors. 
For example, if g is a constant multiple of g, then many terms vanish 
in the equation. This occurs in the Schwarzschild solution for one 
case. But the general significance is not clear. Also,.is it possible 
to have one or more of the Riemann tensors dependent only upon the 
first derivative vanish, without .all vanishing? If so, with what 
Significance? 

The conclusion of the examination has raised more questions 
than it has answered. But this in itself is possibly the chief 


advantage in the new way of viewing the general theory of relativity. 
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Table |. 


Tensors of R and Their Contractions. 
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VIII. Summary. 

The concept of a geometry as a field over another field has 
resulted in placing the equations of general relativity in terms of 
tensor components. This has clarified-some.of:.the’ symmetries of the 
equations. In particular, it has led to the significant discovery 
that the Riemann tensor may be.decomposed into.a.sum.of tensors with 
the same symmetry, and, most interestingly, each ofthese tensors is 
dependent upon only one order of derivative of the metric tensor. 

The full mathematical and physical significance of the sym- 
metries are not found. However, in terms of the concept employed, 
one can say that the Riemann tensor considered as a field is composed 
of two tensors which depend only on the basic field variable and its 
covariant derivatives and which.tentatively appear.to contain the 
primary physical meaning of the field, plus an "interaction" term, 

a product linear in the field variable and linear in the base Riemann 
tensor, and finally the Riemann tensor of the base space itself. The 
last two mentioned tensors appeared to be treated most naturally as 

a sum, for upon contraction with qn. the contravariant field tensor, 
Significant components of the two cancel one another. However contrac- 
tion does not mix the tensors dependent upon the derivatives of the 
field tensor with those independent of the derivatives of the field | 
Lensor- 

A great number of avenues of approach to various problems are 
opened by the concept and its formulation. However, the most signifi- 
cant and necessary next step would appear to be the full exploration 


of the meaning of the various tensors with Riemann tensor symmetry. 
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APPENDIX 
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Relations between Te ee and their derivatives. 
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Derivatives of g__ in terms of a. 
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